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Introduction
A moment map a for the action of a Lie algebra g on a symplectic manifold
(M,ω) is given by a Lie algebra morphism

g→ observables of (M,ω).

This suggests that the definition of moment map in the case of a closed
3-form c be a Lie-2 algebra morphism

g→ observables of (M, c).

We show that these moment maps are quite easy to construct in practice.

This can be generalized letting c be an arbitrary closed n-form (or even a
higher Dirac structure) and letting g be an arbitrary L∞-algebra. A moment
map is then a L∞-morphism

g→ observables of (M, c).

In general, there is no induced action of g on M , but we expect an action on
some object associated to M . When c is a 3-form, for instance, we expect g to
act on the c-twisted Courant algebroid (TM ⊕ T ∗M)c.
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Reminder: the symplectic case

Given G 	 (M,ω) a Lie group action on a symplectic manifold:

Definition
A moment map is

J : g→ C∞(M)

such that
(A) vM = XJv for all v ∈ g

(B) J : (g, [·, ·])→ (C∞(M), {·, ·}) is a Lie algebra morphism.

Remark
Equivalently, a moment map is J such that ω + J is a closed degree 2 element
of (

(Ω(M)⊗ Sg∗)G , dG
)
,

the Cartan model for equivariant cohomology.
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Definition

A Lie 2-algebra consists of

d := [·]1 : V−1 → V0

together with linear maps

[·, ·] : ∧2 V0 → V0

[·, ·] : V0 ⊗ V−1 → V−1

T := [·, ·, ·] : ∧3 V0 → V−1

such that

d[x, f ] = [x, df ] for all x ∈ V0, f ∈ V−1,
[x, [y, z]] + c.p. = −d (T (x, y, z)) for all x, y, z ∈ V0

and for all x, y, z, w ∈ V0:

[x, T (y, z, w)]− [y, T (x, z, w)] + [z, T (x, y, w)]− [w, T (x, y, z)] =

T ([x, y], z, w) + T (y, [x, z], w) + T (y, z, [x,w])

−T (x, [y, z], w)− T (x, z, [y, w]) + T (x, y, [z, w]). 3 / 10



The case of closed 3-forms
Now let c ∈ Ω3

cl(M) be non-degenerate.
Define

Ω1
ham(M) := {α ∈ Ω1(M) : ∃ a vector field Xα with ιXαc = −dα}
{α, β} := c(Xα, Xβ , ·) ∈ Ω1

ham(M)

Notice: {{α, β}, γ}+ c.p. = −d(c(Xα, Xβ , Xγ)).

Proposition (Baez,Rogers,Hoffnung 2008)
The complex

C∞(M)
d→ Ω1

ham(M)

together with
{α, β}
{α, β, γ} := c(Xα, Xβ , Xγ)

is a Lie-2 algebra.
Notation: O(M, c).
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From now on, let G 	 (M, c).

Definition
A homotopy moment map is a Lie 2-algebra morphism

(J, µ) : g O(M, c)

such that vM = XJv for all v ∈ g.

Remark
“Lie 2-algebra morphism” means:

J : g→ Ω1
ham(M)

µ : ∧2 g→ C∞(M)

such that

J [v,w] − {Jv, Jw}︸ ︷︷ ︸
c(vM ,wM , · )

= d µv∧w

−{Jv, Jw, Jz}︸ ︷︷ ︸
c(vM ,wM ,zM )

= µv∧[w,z] − µw∧[v,z] + µz∧[v,w]
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Constructing moment maps

Theorem
Suppose we have a linear

J : g→ Ω1
ham(M)

with
(A) vM = XJv for all v ∈ g

(B) J is G-equivariant
(C) ιvMJv = 0 for all v ∈ g.
Then (J, µ) : g O(M, c) is a homotopy moment map, where

µv∧w := ιvMJ
w.

Remark
The assumptions of the theorem are equivalent to:
c+ J is a closed degree 3 element of ((Ω(M)⊗ Sg∗)G , dG).
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Remark
H1(g) = {0} (for ex. take g semisimple) or H2(M) = 0
⇒ ∃ J satifsying (A).
G compact
⇒ ∃ J satisfying (B).
(A),(B), every vM vanishes at some point of M (for ex. take χ(M) 6= 0)
⇒ any J satisfies (C).

Example
Let b ∈ Ω2(M) be G-invariant, and consider

G 	 (M, c := db).

Then Jv := ιvM b satisfies the assumption of the theorem.
Hence we obtain a homotopy moment map.

7 / 10



Reduction à la Marsden-Weinstein

Lemma
Let G 	 (M, c) with homotopy moment map (J, µ). Assume that

M0 := {x ∈M : Jv(x) = 0 ∀ v ∈ g}

is a smooth submanifold and M0/G is smooth.
Then c descends to

c ∈ Ω3
cl(M0/G).

Example
Let G 	 N freely and properly. Then

G 	 (M := ∧2T ∗N, dbNcan),

and Jv := ιvM b
N
can gives rise to a homotopy moment map.

We have
M0/G ∼= ∧2T ∗(N/G) and c = dbN/Gcan .
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Relation to Courant algebroids
Lemma (Bursztyn-Cavalcanti-Gualtieri)
c+ J is a closed degree 3 element of ((Ω(M)⊗ Sg∗)G , dG)

m

g→ Γ(TM ⊕ T ∗M), v 7→ vM − Jv

is a trivially extended action on the Courant algebroid (TM ⊕ T ∗M)c with
isotropic image, integrating to the (co)tangent lift.

Expected:
the above extended action is the composition of

g O(M, c)︸ ︷︷ ︸
hom. moment map

with
O(M, c) Lie 2-algebra associated to (TM ⊕ T ∗M)c︸ ︷︷ ︸

Weinstein-Roytenberg 1999, Rogers 2009

.

9 / 10



All of this should work for closed forms of any degree.

Thank you!
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